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 Suboptimal random coding exponent Er

as a product of a posteriori probabilities of non-overlapped input subblocks of length 2B+1 relative to the overlapped output 
subblocks of length 2W+1. It has been shown that the computation of function Er
largest eigenvalue of a square non-negative matrix of an order depending on the B and W values.  To illustrate the 
approach developed in the first part of this study with its application to various channel modelled as a probabilistic finite-
state machine. 

We present and discuss numerical results of calculating this random coding exponent in a full range of code rates for some 
of channel models for which similar results were not obtained before. Practical computations were carried out for relatively 
small values of B and W. Nevertheless, even for small values of these parameters a good correspondence with some known 
results for optimal decoding was shown.
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Introduction

This paper is the second part of the work, the 
first part of which is published earlier [1]. In the 
previous part, a random coding bound is presented 
for a wide class of channels with memory, including 
those for which this bound could not be managed 
to obtain. The basic idea is to apply a suboptimal 
decoding rule that is different from the maximum 
likelihood (ML) decoding. In this part, we give nu-
merical examples of the application of this bounda-
ry and their discussion.

For the connectedness of the exposition, we give 
the definitions and the main result of the previous 
part of the paper. Let py|x(y|x) be transition proba-
bility of the discrete-time channel; for the continu-
ous-output channel it is instead a probability densi-
ty function (p. d. f.); x  XN, where X be a discrete 
input channel alphabet and qx | X | < ; y  YN, 
where Y is the channel output alphabet, | Y | q and 
N is the length of a block code. 

To indicate a segment of an arbitrary vector z 
we use the notation (max( , ))( ,  (max( , ) ), 

(min( , ))..., ),  where L is length of the vector z. 
For subvectors, or segments of vectors, x and y the 

notation x and y is used. The difference between them 
is noted due to the use of ordinary and sans serif font. 

The decoding rule is given as

 ˆ argmax ( ; ),  

where (y; x) is a real-valued positive decoding 
function, and the maximization is performed over 
all code words.

For simplicity we assume that code ensemble is 
generated by using of independent uniformly dis-
tributed (i. u. d.) code symbols. This assumption 
leads to loss of optimality but simplifies further 
consideration. Using the classic approach [2] one 
can derive the suboptimal exponent of the random 
coding bound in asymptotic form 

* *( ; ) max max ( , , ) ,

where

*

|

( , , ) ( )log

lim log ( | ) ( ; ) ( ; ) .

Hereafter log(·) denotes the binary logarithm, the 
asterisk in the superscript hereafter means that the 
code symbols are chosen as i. u. d. random variables. 
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Similarly one can get the random coding expo-
nent for ML decoding for fixed code length N 

 

* *( , ) max ( , ) ,   (1)

where

 

*

|

( , ) ( )log

log ( | )   (2)

with the bound for maximum information rate

 

* *
max( ) ( , ) / ,

 

where R*
max(N)  C, where C is channel capacity. 

Evidently, the inequality Er
*(R; )  Er

*(R) is valid. 
The asymptotic random coding exponent for ML 
decoding and the code ensemble with i. u. d. symbols 
is Er

*(R)  lim N  Er
*(N, R).

By analogy with the channel capacity C and 
maximal information rate R*

max(N) let us define the 
lower bound on maximum achievable code rate for 
mismatched decoding C*( ) as 

 

*

*
max ( , , )

( )

 

 (3)

and value 

* *( ,, )  

giving a bound on the cut-off rate R0; evidently, the 
inequalities R0

*( )  R0
*  R0 are valid. 

In this study we assume that the channel model 
is given as a probabilistic finite-state machine [2], 
i. e. conditional probabilities characterizing this 
model are given as follows

( ) ( ) ( )
| |( | , ) ( | , );

( ) ( ) ( ) ( )
| |( | ) ( ) ( | , ),

where s (s(0), s(1), …, s(n), …) is the sequence 
of the channel states, s(n) S, S is a set of the 
channel states, and |S| < ; py|xs(y(n)|x(n), s(n–1)) and 
py|xs(y(n)|x(n), s(n–1)) are conditional probabilities of 
the channel output and channel state transition, 
respectively, ps(·) is an unconditional (stationary) 
distribution on the set of the channel states. Also, 
we assume that the input channel symbol x(n) and 

the current channel state s(n–1) are independent. It 
has been shown in [1] that the probabilities py|x(y|x) 
can be represented in form of matrix product as

 

( ) ( )
| ( | ) ( | ) ,   (4)

where 

 | |( | ) [ ( | , ) ( | , )]   (5)

is a matrix of size |S| |S|; ps [ps(1), …, ps(|S|)] is the 
vector of the unconditional state probabilities at 
n 0, and 1 (1, …, 1) is vector of 1’s of dimensions 
1 |S|.

Next, we specify type of decoding function. The 
appropriate choice of decoding function, which al-
lows obtaining a result in the final form, was one of 
the main problems of this study. In this paper, we 
proposed a decoding function (y; x) with partial 
overlap, which depends on two integer parameters 
W and B, W  B  0. For i. u. d. segments 

( )
( )  

the decoding function (y; x) can be written as 

 

( )
( ) ( )

| ( ) ( )( ; ) ( | ),y x   (6)

where py|x(·|·) is the conditional probability for 
segments of different, in general, lengths 2W 1 
and 2B 1 respectively, and k(n) n(2B 1) 1.

Denote square matrices of order |S| as

 

( ) ( )( | ) ( | ),

, ,

y|x y x

y x

y x

 
 (7)

where P(y|x) is matrix defined in (5). Let D1(y; ) 
be a scalar quantity, and D2(y; ) and D(y; , ) be 
square matrices of order |S| defined as follows

( ; ) ( | ) ,y|x
x

y y x

( ; ) ( | ) ( | ) ,y|x y|x
x

y y x y x

( ; , ) ( ; ) ( ; ), .y y y y

Let us also define the square matrices Kij( , ) 
of order |S| as 

 
( )

( ; , ), ;
( , ) ( ; , ), .

y

y
y

 

 (8)

The correspondence of the indices i, j and the 

vector y in the expression (8) is given as ( )y   
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and .y  Finally, we define a square block 

matrix of order |S|q2(W–B)

( )

( ) ( ) ( )

( , ) [ ( , )]

( , ) ( , )

.
( , ) ( , )

  

(9)

The main result obtained in the first part of this 
paper [1] is formulated as the following assertion. 

Тheorem. Let channel be specified by conditional pro- 
babilities (4), where the matrices (5) are irreducible, and  
let the decoding function  be given by equation (6) 
with integer parameters W and B, where W  B  0. 
Then the random coding exponent Er

*(R; ) for the 
code ensemble with i. u. d. code symbols is 

 

* *( ; ) max ( , ) ,
 

 (10)

where

* *( , ) max ( , , )

( )log ( ) log min ( , ) ,

and r(K( , )) is the maximum eigenvalue (spectral 
radius) of matrix K( , ), given in equation (9). 

The computational complexity of obtaining the 
values of the function Er

*(R; ) depends on the di-
mensions of px|y(y|x) equal to q2W 1 qx

2B 1 [see 
(7)], and on the order of the square matrix K( , ) 
equal to |S|q2(W–B). 

Determination of analytical dependence of as-
ymptotic random coding exponent Er

*(R; ) on the 
values of W and B is equivalent to the description 
of the dependency of spectral radius of the ma-
trix K( , )

 
on these parameters. This dependency 

cannot be expressed in exact and closed analytical 
form. From general considerations, it follows that 
the greater the values of W and B are, then better 
approximation of the ML exponent can be achieved 
in principle. Moreover, for various values of code 
rate R different combinations of the values W and 
B may be preferable. Unfortunately, the increase of 
the parameters W and B causes the great growth of 
computational complexity. The common approach 
consists of testing some combinations and selecting 
one that gives acceptable results for a given coding 
rate at a reasonable computational complexity. In 
next section, we present some results of calculat-
ing the random coding exponent for several chan-
nel models with memory and comparison with some 
known results.

Numerical Examples and Discussion 

To illustrate application of the suggested ap-
proach let us consider some examples. The first ex-
ample is classical Gilbert model and its generaliza-
tion — Gilbert — Elliott model. The second example 
presents a simple model for a fading channel with 
nonbinary Frequency Shift Keying (FSK). These 
models give examples of symmetric channels with 
binary and nonbinary inputs and freely evolving 
states. The third example is for the channel model 
that is defined as a deterministic finite-state ma-
chine, and the last example is for channel with lin-
ear intersymbol interference and q-level quantized 
output (deterministic finite-state machine model as 
well).

Example 1. Gilbert channel and Gilbert — Elliott 
channel. Consider the well-known Gilbert channel 
model with two states 1 (“good”) and 2 (“bad”). In 
this case qx q 2 and |S| 2. Let the channel state 
transition probabilities be given as ps|s(1|1) 0.75 
and ps|s(2|2) 0.97, and let the symbol crossover 
probabilities be equal to 0 and 1/2 for states 1 and 
2 respectively (here we follow example in [3]). For 
this model, the complexity of calculation of the ex-
ponent of the random coding bound is not too large 
and the function Er

*(R; ) can be computed for com-
paratively large values of the parameters W and B. 
Results of the computations are shown in Fig. 4 for 
W 5 and B 0, 1, …, 5. The values of C*( ), shown 
in Fig. 1 and further, are computed as 

 

*

*
max ( , , )

( ) , ,
 

 (11)

giving an approximation for formula (3). The error 
exponent Er

*(R) for ML decoding computed for this 
example using the Egarmin algorithm [4] is also 
shown in Fig. 4. The channel capacity can be found 
using the original Gilbert approach [3] and for this 
example the capacity is C 0.758 bit/channel use. It 
can be seen from the Fig. 1 that the curves Er

*(R; )  
are approaching the curve Er

*(R) from below with the 
increase of the parameter B. For B 5 the function 
Er

*(R; ) and value of C*( ) give good approximations 
for the ML random coding exponent Er

*(R) and the 
channel capacity C respectively .

It is interesting to compare the function Er
*(R; )  

with the random coding exponent Er
*(N, R) for the 

ML decoding for some (small) values of the code 
length N. The function Er

*(N, R) can be computed 
by formulas (1) and (2). In equation (2) the chan-
nel conditional probability py|x(y|x) is computed ac-
cording to the equation (4). Evidently, to compute 
a single value of py|x(y|x) we have to perform ap-
proximately 2N|S|2 operations (multiplications and 
additions). To compute the value E0

*(N, ) we need 
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to calculate the values of py|x(y|x) for all y YN and 
for all x XN. Thus the total number of operations 
in general case is about 2N|S|2qNqx

N. For this exam-
ple |S| 2 and q qx 2. Therefore, the total num-
ber of operations is about N22N 3 and it can be too 
large even for small N. For example, for N 16 it 
is equal to 239  5.5 · 1011. But this channel can be 
considered as a channel with binary additive mod-
ulo 2 noise. Therefore, the channel output vector 
is ,  where e is a binary error vector, and 

| ( | ) ( ),  where pe(·) is a distribution 
on the set of error vectors. Then for the sum over x 
in the right hand side of (2) we can write 

| ( | ) ( ) ( )

and hence 

 

* ( , ) log ( ) .

 

 (12)

Evidently, pe(x) py|x(0|x), where the probabil-
ities py|x(·|·) are given by equation (4). In this case, 
to compute all values pe(x) it is required to perform 
about 2N|S|2qx

N N2N 3 operations. For example, 
for N 16 the number of operations is equal to an 
acceptable value 223  8.4 · 106. Fig. 2 presents re-

sults of comparison of the function Er
*(R; ) with 

the random coding exponent Er
*(N, R) for ML decod-

ing for some fixed values of the code length N. 
The asymptotic random coding exponent Er

*(R) 
for ML decoding computed by the Egarmin algo-
rithm [4] is also shown in Fig. 2. It can be seen from 
the Fig. 2 that functions Er

*(N, R) approach the as-
ymptotic function Er

*(R) from above with increas-
ing of N, and the function Er

*(R; ) gives quite good 
approximation of the asymptotic function Er

*(R) 
from below.

Let us consider the next example — Gilbert — 
Elliot model [5]. Here again q qx 2 and |S| 2. Let 
the channel state transition probabilities be given 
as ps|s(1|1) 0.99 and ps|s(2|2) 0.8, and let the sym-
bol crossover probabilities be equal to 0.02 and 1/2 
for states 1 (“good”) and 2 (“bad) respectively. For 
this model the ML random coding exponent Er

*(R) is 
unknown, but the channel capacity can be computed 
as it is shown in [6, 7]. The plots of function Er

*(R; ) 
are presented in Fig. 3. 

It can be seen that the curves are being shifted 
upwards with the increase of the parameter B. For 
this case, we do not have a curve for the ML random 
coding exponent for comparison, but we can com-
pute the capacity C for this channel using statisti-
cal version [7] of the algorithm presented in [6]. For 
this example the true capacity C  0.775 bit/channel 
use. For W 4, B 4 the value of С*( ) 0.765 bit/
channel use, that is very close to the true capacity.

Er
*(R, ), [W, B] = [5  0],  C*( ) = 0.696602

Er
*(R, ), [W, B] = [5  1],  C*( ) = 0.729864

Er
*(R, ), [W, B] = [5  2],  C*( ) = 0.740846

Er
*(R, ), [W, B] = [5  3],  C*( ) = 0.745788

Er
*(R, ), [W, B] = [5  4],  C*( ) = 0.748429

Er
*(R, ), [W, B] = [5  5],  C*( ) = 0.750188

Er
*(R), C = 0.758106

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.05

0.1

0.15

0.2

0.25

R, bit/channel use

0

Gilbert channel, p(G|G) = 0.97, p(B|B) = 0.75, p(e|G) = 0, p(e|B) = 0.5

 Fig. 1. Functions Er
*(R; ) and Er

*(R), Gilbert channel
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Gilbert channel, p(G|G) = 0.97, p(B|B) = 0.75, p(e|G) = 0, p(e|B) = 0.5

0 10. 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

R, bit/channel eus

0

*Er
*(N,R), N = 8, R0

*(N) = 0.353255, Rmax(N) = 0.747679
*Er

*(N,R), N = 12, R0
*(N) = 0.324717, Rmax(N) = 0.751144

Er
*(N,R), N = 16, R0(* *N) = 0.309266, Rmax(N) = 0.752877

Er
*(N,R), N = 20, R0

* *(N) = 0.299838, Rmax(N) = 0.753916

*Er
*(R, ), [W, B] = [5,5], N , R0( ) = 0.24986, C*( ) = 0.75019

Er
*(R), N , R0 = 0.261971, C = 0.758106

 Fig. 2. Functions Er
*(N, R), Er

*(R; ) and Er
*(R), Gilbert channel

R, bit/channel eus

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.05

0.1

0.15

0.2

0.25

0

Gilbert — Elliott channel, p(G|G) = 0.99, p(B|B) = 0.8, p(e|G) = 0.02, p(e|G) = 0.5

Er
*(R, ), [W, B] = [4  0], C*( ) = 0.742801

Er
*(R, ), [W, B] = [4  1], C*( ) = 0.756050

Er
*(R, ), [W, B] = [4  2], C*( ) = 0.761093

Er
*(R, ), [W, B] = [4  3], C*( ) = 0.763534

Er
*(R, ), [W, B] = [4  4], C*( ) = 0.764935

C = 0.775384

 Fig. 3. Functions Er
*(R; ), Gilbert — Elliott channel

The plots of the functions Er
*(N, R) for ML deco- 

ding for some fixed N values calculated using equa-
tions (12), (4) and (1) are shown in Fig. 4 for com-
parison with the suboptimal asymptotic exponent 
Er

*(R; ). It can be seen that the curves Er
*(N, R) are 

shifting downward, and the achievable code rate 

R*
max(N) increases with increasing N. As N  , 

we have R*
max(N)  C (note that in this example 

C* С), and the suboptimal random coding expo-
nent Er

*(R; ) can serve as a lower bound for the 
random coding exponent for the Gilbert — Elliott 
channel.
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Example 2. Simple model for fading channel with 
nonbinary FSK. Let us define the channel states as 
an additive white Gaussian noise channels with dif-
ferent noise power. Consider transmission of qx-ary 
orthogonal FSK signals over this channel and op-
timal noncoherent reception. For this model qx q, 
and the symbol crossover probabilities are given as 

) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ), ;
( | , ) ( )

, ,

where (s) is symbol error probability for noncoherent 
reception of q-ary FSK signal for channel state s. 
This probability can be found as (see, e. g., [8]) 

( )
( ) exp ( ) ,

where (s) is signal-to-noise ratio (SNR) in channel 
state s. Let for instance, qx q 4 and S {1, 2, 
3}, i. e. the channel can be in one of three states: 
1 (“good”, or G), 2 (“medium”, or M) and 3 (“bad”, 
or B). Assume that the channel state transitions 

are given by the diagram shown in Fig. 5 with the 
following channel state transition probabilities: 
ps|s(1|1) p(G|G) 0.99, ps|s(1|2) p(G|M) 0.2, 
ps|s(3|2) p(B|M) 0.6, ps|s(3|3) p(B|B) 0.9. Let 
the state SNR be as follows (1) 15 dB, (2) 0 dB 
and (3) –5 dB. The plots of the function Er

*(R; ) 
are shown in Fig. 6.

Example 3. Channel with deterministic state 
transitions. Let X Y {0, 1}, S {1, 2}, and the 
probabilities ps|xs(s(n)|x(n), s(n–1)) and py|xs(y(n)|x(n), 
s(n–1)) are given in Table 1, where  is symbol crosso-
ver probability, 0<  < 1/2. 

R, bit/channel eus

Gilbert — Elliott channel, p(G|G) = 0.99, p(B|B) = 0.8, p(e|G) = 0.02, p(e|B) = 0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

0

*Er
*(N,R), N = 8, R0

*(N) = 0.398779, Rmax(N) = 0.764900

R0
*Er

*(N,R), N = 12, *(N) = 0.361830, Rmax(N) = 0.766695

*R0Er
*(N,R), N = 16, *(N) = 0.337530, Rmax(N) = 0.767595

*R0(Er
*(N,R), N = 20, *N) = 0.321142, Rmax(N) = 0.768135

Er
*(R, ), [W, B] *= [4,4], N , R0 = 0.76494( ) = 0.23658, C*( ) 

 Fig. 4. Functions Er
*(N, R) and Er

*(R; ), Gilbert — Elliot channel

p(B|M) 

p(M|B) p(G|M) 

p(M|G) 

1 (G) 2 (M) 3 (B) 

p(G|G) p(B|B) 

 Fig. 5. State transitions diagram 

 Table 1. Probabilities ps|xs(s(n)|x(n), s(n–1))  
and py|xs(y(n)|x(n), s(n–1))

ps|xs(s(n)|x(n), s(n–1)) py|xs(y(n)|x(n), s(n–1))

s(n)
(x(n), s(n–1))

y(n)
(x(n), s(n–1))

(0,1) (0,2) (1,1) (1,2) (0,1) (0,2) (1,1) (1,2)

1

2

1

0

1

0

0

1

0

1

0

1

1/2

1/2

1 – 

1 – 

1/2

1/2
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0 0.5 1 1.5

0.01

0.02

0.03

0.04

0.05

R, bit/channel use

0

Three state FSK4 channel, p(G|G) = 0.99, p(B|B) = 0.9, p(G|M) = 0.2, p(B|M) = 0.6,   = [15   0  –5] dB

Er
*(R, ), [W,B] = [2  0], C*( ) = 1.066815

Er
*(R, ), [W,B] = [2  1], C*( ) = 1.220886

Er
*(R, ), [W,B] = [2  2], C*( ) = 1.290990

 Fig. 6. Functions Er
*(R; ), three state FSK4 channel

For this model in state 1, the symbol x 0 flips 
with probability 1/2, and the symbol x 1 flips with 
small probability . In state 2, on the contrary, the 
symbol x 0 flips with small probability , and the 
symbol x 1 — with probability 1/2. In addition, 
the channel state becomes 1 after symbol 0 comes in, 
and is equal to 2 after the coming in the symbol 1.  
The functions Er

*(R; ) for this model are plotted in 
Fig. 7 for 0.01. In Fig. 7 we present examples for 
some good combinations of the parameters W and B 
for W 0, 1, …, 6, and the best pairs for this exam-
ple are [W, B] [W, W – 1], W > 1. 

To compare the plots of functions Er
*(R; ) with 

result for ML decoding let us consider the function 
R0

* – R. This function coincides with the random 
coding exponent Er

*(R) in the interval 0  R  Rcr, 
where Rcr is the critical rate [2], and the plot of the 
linear function R0

* – R can be considered in ex-
ample as a known part of the curve for whole ran-
dom coding exponent Er

*(R). It can be shown (see 
Appendix) that R0

* for ML decoding for this exam-
ple can be found as R0

* 2logqx – logr(H), where 
r(H) is maximum eigenvalue of the matrix H,  
and 

 

( ) ( )
( ) ( ) ( )

,
( ) ( ) ( )

( ) ( )
 

 (13)

where ( ) ( ) / /  and ( ) ( ).  
It follows from the Fig. 7, that the random coding 
exponent Er

*(R; ) for W 6, B 5 is very close to 
the straight line R0

* – R, so the function Er
*(R; ) 

can be considered as a quite good approximation for 
the ML random coding exponent Er

*(R).
Example 4. Intersymbol interference channel 

with q-level quantized output. A simple interference 
channel model is defined by the vector of coeffi-
cients g [g0, g1, …, gL]. The channel input x (x(1), 
…, x(N)) is a binary sequence and unquantized chan-
nel output is 

 

( )( ) ( )( ) ,
 

 (14)

where x(·) 0,1, and (·) are independent Gaussian 
random variables with zero mean and variance 2. 
The following modulation mapping is assumed in 
equation (14): 0  1, 1  –1. The SNR is defined 
as ||g||2/(2 2). The number of channel states is 
equal to 2L. The continuous channel output y0

(n) is 
subjected by a q-level quantization. In this example 
we assume that the quantization algorithm is 
one-dimensional quantization maximizing the 
Bhattacharya distance between conditional dis- 
tributions of the quantized values [9]. We consider 
the simplest case of the model known as the dicode 
channel with parameters L 1, g [ 1, –1] and 

|S| 2. For this case 
( ) ( )( ) ( )( ) ( ) . 
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The dicode channel with two-level quantization of 
the continuous channel output is equivalent to the 
channel with deterministic state transitions in 
Example 3. Plots of the functions Er

*(R; ) computed 
according to the equation (10) for 4 dB, q 8 and 

some combinations of the parameters B and W, are 
shown in Fig. 8. The values of C*( ), computed by the 
formula (11), and values of R0

* for the ML decoding 
computed using known techniques [10–12] (see also 
Appendix), are also presented in Fig. 8. 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0

R, bit/channel use

 = 0.01

Er
*(R, ), [W,B] = [0 0], C*( ) = 0.180885

Er
*(R, ), [W,B] = [1 1], C*( ) = 0.337793

Er
*(R, ), [W,B] = [2 1], C*( ) = 0.386812

Er
*(R, ), [W,B] = [3 2], C*( ) = 0.398002

Er
*(R, ), [W,B] = [4 3], C*( ) = 0.402759

Er
*(R, ), [W,B] = [5 3], C*( ) = 0.404569

Er
*(R, ), [W,B] = [5 4], C*( ) = 0.405397

Er
*(R, ), [W,B] = [6 4], C*( ) = 0.406806

Er
*(R, ), [W,B] = [6 
*R0

5], C*( ) = 0.407075
*– R, R0 = 0.322380

 Fig. 7. Functions Er
*(R; ), channel with deterministic state transitions, 0.01

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

R, bit/channel use

0

Dicode channel, g = [1 –1], SNR = 4 dB, q = 8
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*(R, ), [W,B] = 0.410251 [0  0], C*( ) = 

Er
*(R, ), [W,B] = 0.732188 [1  0], C*( ) = 

Er
*(R, ), [W,B] = 0.814759 [2  0], C*( ) = 

Er
*(R, ), [W,B] = 0.848281 [2  1], C*( ) = 

Er
*(R, ), [W,B] = 0.871118 [3  1], C*( ) = 

Er
*(R, ), [W,B] = 0.868575 [3  2], C*( ) = 
*R0

*- R, R0 = 0.773058

C* = 0.930, soft channel output

 Fig. 8. Function Er
*(R; ), dicode channel, 4 dB 
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*Er
*(N,R), N = 4, R0
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*Er
*(N,R), N = 5, R0

*(N) = 0.685233, Rmax(N) = 0.829165

*Er
*(N,R), N = 6, R0

*(N) = 0.699908, Rmax(N) = 0.840936

*R0 – R, N 

Er
*(R; ), [W,B] = [3,2], N , C*( ) = 0.867081

=*, q = 8, R0  0.773058

 Fig. 9. Functions Er
*(N, R) and Er

*(R; ), dicode channel 4 dB

As with the previous example we present the plot 
for the function R0

* – R in Fig. 8, where R0
* is com-

puted as it is shown in Appendix. Also in the Fig. 8 
we indicate the value of maximum information rate 
C* for the dicode channel with soft output computed 
in [13]. We see that maximum of functions Er

*(R; ) 
for [W, B] [3, 2] and [W, B] [3, 1] are close to the 
straight line R0

* – R and to the value of C*. 
Random coding exponent Er

*(N, R) for the ML de-
coding computed by formulas (1) and (2) for several 
small values of the code length N is depicted in Fig. 9.  
The function Er

*(R; ) and asymptotic (N ) lin-
ear function R0

* – R for the ML decoding are al-
so presented in Fig. 9 for comparison. Clearly, as 
N , the function Er

*(N, R) for 0  R  Rcr tends 
to the line R0

* – R. As it follows from the Fig. 9 
the suboptimal random coding exponent Er

*(R; ) 
is very close to the random coding exponent Er

*(N, 
R) for the presented examples of the code length N 
and is not far from the asymptotic linear function 
R0

* – R. The functions Er
*(N, R) for larger values of 

N are not presented due to high complexity of their 
computation.

Plots of R0
* and R0

*( ) as a function of the SNR 
are presented in Fig. 10. The values of R0

* are cal-
culated by a known method [14–16]. For this case 
(dicode channel) the values of R0

* can be found in 
closed form as

* log .

The values of С*( ) and values of maximum in-
formation rate for the channel with nonquantized 
output found in [13] by a simulation-based algo-
rithm are shown in Fig. 11. Note that in [9] a dif-
ferent definition of SNR is used, namely ||g||/ 2; 
therefore the plot showing the data of [9] is moved 
to the left by 3 dB. We see in Fig. 10 and Fig. 11 that 
the difference is about 10 %, and it seems that the 
increasing number of quantization levels q leads to 
a decrease in this difference. 

Conclusion 

In this work, consisted of two parts, we present 
the derivation of the exponent of the random cod-
ing bound Er

*(R; ) for suboptimal, or mismatched, 
decoding. We proposed a decoding function in the 
form of a product of the a posteriori probabilities 
of the non-overlapped input subblocks of length 
2B 1 relative to the overlapped output subblocks 
of length 2W 1 [see (6)]. The computation of the 
values of the function Er

*(R; ) is reduced to the cal-
culation of the largest eigenvalue of a square non-
negative matrix K( , ) of order |S|q2(W–B), where |S| 
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 Fig. 10. Plots of R0
* и R0

*( ) for dicode channel 

–8 –6 –4 –2 0 2 4 6 8

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SNR, dB

0.1

C*( ), W = 3, B = 1, q = 8

C*( ), W = 3, B = 2, q = 4
*, soft channel output

 Fig. 11. Plots С* and С*( ) for dicode channel
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is the number of channel states and q is the cardi-
nality of the channel output alphabet. 

The computational complexity of obtaining the 
values of the function Er

*(R; ) depends on the di-
mension of the values py|x(y|x), equal to q2W 1 qx

2B 1 
[see (7)], and on the order of the matrix K( , ), equal 
to |S|q2(W–B). Therefore, in the examples presented 
in this part of the work, the practical computations 
were carried out for relatively small values of B, W 
and q. Nevertheless even for small values of these pa-
rameters, good results were obtained. The values of 
R0

*( ) and С*( ) found for the suggested suboptimal 
decoding functions are close to the corresponding 
values found before for the case of ML decoding for 
the intersymbol interference channels with soft out-
put. A qualitative picture of the relationship between 
function * ( ),  presented in the introduction in the 
first part [1] of this work, and function Er

*(R; )  
is shown in Fig. 12. The values of R0

* and С* for a 
discrete-time channel with intersymbol interference 
can be obtained by known techniques [14–16] and [9]. 
As we see from the Fig. 12 the curve for the function 
Er

*(R; ) (solid line) goes higher than known bound 
* ( )  for high code rates. 

We see the same in example in Fig. 8, where 
for quantized channel output with q 8 and 
W 3, B 1, we have R0

*( ) 0.710 bit/channel 
use, С*( ) 0.871 bit/channel use; for continuous 
channel output R0

*( ) 0.824 bit/channel use and 
С*( ) 0.920 bit/channel use as follows from Fig. 10 
and Fig. 11 for SNR 4 dB. The curve Er

*(R; ) is 
shifted upwards and to the right with increasing 
values of the parameters q, W and B. This conclu-
sion follows from the fact that the decoding func-
tion  becomes the ML decoding function with in-
creasing parameters W and B. Thus, the function 
Er

*(R; )
 
can be a good approximation for the true 

but unknown function Er
*(R). The problem of the ex-

tension of the proposed approach to other channel 
models and the problem of finding an efficient algo-
rithm for numerical computation for large values of 
B, W and q

 
remain open for research.

Appendix

In this appendix we present a derivation of the 
expression for R0

* for the channel with determin-
istic state transitions. This derivation is a minor 
modification of the known results [12, 14–16]. The 
general expression for R0

* follows from the equation 
or 1 and N   is

 

*
|log lim ( | ) .   (A1)

Let us consider the sum over y in (A1) 

 

|

| |

( | )

( | ) ( | ) .

  

(A2)

For finite-state channel model we have the chan-
nel conditional probability 

| | |( | ) ( | , ) ( | ),
 

where

 

( ) ( ) ( )
| |( | , ) ( | , )

 

R

R*
0 – R,unquantized, known

R*
0

C*, unquantized, known

Er B

C*( )
R*

0( )

, unquantized, known
*(R, ), quantized, for some q, W and 

 Fig. 12. General view of the functions 
* ( )  and Er

*(R; ) 
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and

 

( ) ( ) ( ) ( )
| |( | ) ( ) ( | , ).

 

Hence,

 

( ) ( )

( ) ( ) ( )
| |

( ) ( ) ( ) ( )
|

( | ) ( ) ( | ,

) ( | , ). (A3)

For channel with deterministic state transitions 
the pair (x(n), s(n–1)) uniquely defines the next chan-
nel state s(n), therefore the sum over s(n) in (A3) con-
tains only one term. Then it can be written 

( )

( ) ( ) ( )
| |

( ) ( ) ( ) ( ) ( ) ( ) ( )
| |

( | ) ( ) ( | ,

) ( | , )... ( | , ),

where s(n) f(x(n), s(n–1)), n 1, 2, …, N, and f(·,·) 
is a function defining deterministic transition 

( )
( ) ( ).  Hence, for the expression (A2) we have

 

| |( | ) ( | )

 

( ) ( )

( ) ( )
|

( ) ( ), |

( | , )
max .

( | , )
 

(A4)

Let us introduce for two pairs of states ( , )  
and ( , )  the values 

 Table A1. Values of ( , ; , )  

( , )
( , )

(1,1) (1,2) (2,1) (2,1)

(1,1) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , )

(1,2) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , )

(2,1) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , )

(2,2) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , ) | |( | , ) ( | , )

 

| |

( , ; , )

( | , ) ( | , )

( , ) ( , );
,

 (A5)

and build matrix H of size |S|2 |S|2 with the entries 
( , ; , ),  where the pairs ( , )  и ( , )  

represent first and second indices of the matrix 
entry respectively. Then the inequality (A4) can be  
written as 

| |( | ) ( | )

max( ) ,

where 1 (1, ..., 1) is vector of the dimension |S|2. 
Further, we have

|lim ( | ) lim ,

and using the corollary from the Perron — 
Frobenius theorem [2, 15] we get finally from (A1) 
R0

* 2log qx– log r(H), where r(H) is maximum 
eigenvalue of the matrix H. 

For the channel model given in the Examples 3 
and 4 the values of ( , ; , )  defined in (A5) 
are listed in Table A1.

Expression (13) is obtained using the data given 
in Table A1. 
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Граница случайного кодирования для каналов с памятью — декодирующая функция с частичным перекрытием. 
Часть 2. Примеры и обсуждение

Трофимов А. Н.а, канд. техн. наук, доцент, andrei.trofimov@vu.spb.ru
аСанкт-Петербургский государственный университет аэрокосмического приборостроения, Б. Морская ул., 67, 

Санкт-Петербург, 190000, РФ

Введение: субоптимальная экспонента случайного кодирования * ( ; )  для широкого класса моделей канала с конечным 
числом состояний, использующая несогласованную декодирующую функцию , получена и описана в первой части этой работы. 
Мы использовали функцию , представленную в виде произведения апостериорных вероятностей неперекрывающихся входных 
подблоков длины 2B 1 относительно перекрывающихся выходных подблоков длины 2W 1. Показано, что вычисление значе-
ний функции * ( ; )  сводится к вычислению наибольшего собственного значения квадратной неотрицательной матрицы, поря-
док которой зависит от параметров канала и от величин W и B. Цель: проиллюстрировать развитый в первой части исследования 
подход к вычислению экспоненты случайного кодирования в приложении его к различным каналам, модели которых представ-
ляют собой вероятностный конечный автомат. Результаты: рассмотрены каналы, в которых переходы в множестве состояний не 
зависят от входного символа, и каналы с детерминированными переходами, в частности каналы с межсимвольной интерферен-
цией. Получены численные результаты вычисления экспоненты случайного кодирования в полном интервале скоростей кода для 
ряда моделей каналов, для которых подобные результаты не были ранее получены. Практические вычисления выполнены для 
относительно малых значений B и W. Тем не менее даже при малых значениях этих параметров получено хорошее соответствие с 
известными результатами для оптимального декодирования. 

Ключевые слова — граница случайного кодирования, канал с конечным числом состояний, несогласованное декодирование, 
теорема Перрона — Фробениуса, канал с межсимвольной интерференцией.
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